In this paper, we combine separate works on (a) the transfer of infinitesimal rigidity results from an Euclidean space to the next higher dimension by coning [28] , (b) the further transfer of these results to spherical space via associated rigidity matrices [19] , and (c) the prediction of finite motions from symmetric infinitesimal motions at regular points of the symmetryderived orbit rigidity matrix [23] . Each of these techniques is reworked and simplified to apply across several metrics, including the Minkowskian metric M d and the hyperbolic metric H d . This leads to a set of new results transferring infinitesimal and finite motions associated with corresponding symmetric frameworks among
Introduction
It is a difficult problem to predict when a framework (G, p) in Euclidean space E d is flexible. It is even less common to predict that a framework (G, p) is flexible in another metric, such as the spherical space S d , hyperbolic space H d , or even Minkowskian space M d . There are a few well known examples, such as the Bricard octahedra, which have been shown to be flexible in each of these spaces, but with a separate proof for each space [4, 1, 24, 25] . Such examples raise the possibility that there are transfer principles which would bring some flexibility results from one space to another. In this paper, we present one such transfer principle.
Coning is an established tool for transferring results about infinitesimal rigidity of a framework from E d to E d+1 [28] . Working within the cone, with the original framework placed on the hyperplane x d+1 = 1, then pulling points back and forth towards the cone vertex, we can also transfer infinitesimal rigidity results from E d through the cone to the spherical space S d within E d+1 , with the cone point at the center of the sphere [19] . As a more subtle consequence of the equivalence of infinitesimal flexibility and finite flexibility at regular configurations (configurations where the rigidity matrix indexed by the edges and vertices of the framework has maximal rank), this process also transfers finite flexes between E d , the cone in E d+1 , and the sphere S d .
Several recent papers have examined when symmetry of a framework induces unexpected finite flexes in E d , most recently using a symmetric analog of the rigidity matrix: the orbit matrix [23] . This matrix has rows indexed by orbits of edges under the symmetry group, and columns indexed by orbits of vertices under the group. Again, in this setting, fully symmetric infinitesimal flexes and finite flexes are equivalent at symmetry regular configurations (configurations where the orbit matrix has maximal rank).
It is a natural question to ask when this symmetry analysis is preserved by coning, so that a symmetry induced finite flex in E d transfers to the cone in E d+1 and to the sphere S d . Our starting point in §3 is to confirm that this transfer works when the cone point is placed 'above' the central point of the symmetry group (point group). In the process, we give an alternate proof of the transfer for the identity group, using direct matrix manipulations on the rigidity matrix, and then extend the analysis to the orbit matrix.
Previous work on rigidity in non-Euclidean geometry has included results on the transfer to hyperbolic space [19] . We fit this into our scheme by (a) embedding the framework (G, p) in E d on the hyperplane x d+1 = 1 in Minkowskian space M d+1 and (b) coning the framework to the origin, in a way that transfers all the infinitesimal rigidity properties. This works for an arbitrary symmetry group in E d , carrying over to symmetries in M d+1 , and preserving the rank of the corresponding orbit matrix. Now, when we push the vertices onto the 'unit sphere', we have a framework in hyperbolic space H d . This preserves all the key properties including taking symmetry regular configurations in E d onto symmetry regular configurations of the cone in M d+1 , and finite flexes at regular points to finite flexes at regular points.
These results suggest two directions for extensions. One is: What other metrics can we transfer to? We recall that infinitesimal rigidity (but not symmetry) is a projective invariant [7] , and can be expressed in projective terms. It is then natural to consider other metrics layered onto projective geometry -the Cayley-Klein geometries [19, 26, 17] . In §6.3 we briefly outline how the transfer process generalizes to families of these geometries, provided that the metric is associated with a quadratic form with a signature of all positive and negative entries, or with a sphere in such a space. Exactly how far this transfer stretches is a topic for further explorations.
A second direction for extension is the big question: when do finite motions transfer from frameworks in one space to frameworks in another space? It is a hard problem to decide whether a specific framework (G, p) which is first-order flexible in a special position is rigid or flexible. It is then at least as hard to decide whether flexibility would transfer to another metric with, for example, the same projective coordinates. The results in this paper indicate that this transfer can be accomplished when we have an algebraic variety of configurations A, within which the framework moves for regular points of the variety. The key case here is the variety of Ssymmetric configurations for a group S, where symmetric infinitesimal motions and the symmetry regular configurations are detected by the orbit matrix. Further, the algebraic variety is preserved in the transfer, as is the rank of an associated matrix which tests for the infinitesimal motions tangent to the variety. There are some other varieties which are candidates for such transfer. One sample is the varieties associated with 'flatness' -sets of points in the configuration lying in linear subspaces, which are known to generate finite motions for some classes of complete bipartite graphs. Again, the range of extensions of these methods is an inviting question for further exploration.
Overview Tables
We summarize the key results of this paper both for frameworks without symmetry, and frameworks with symmetry in several tables.
dim (trivial infinitesimal motions of (G, p))= m ⇔ dim (trivial infinitesimal motions of (G * o, q)) = m + (d + 1) (G, p) has a non-trivial infinitesimal motion ⇔ (G * o, q) has a non-trivial infinitesimal motion (G, p) has a non-trivial selfstress ⇔ (G * o, q) has a non-trivial selfstress p is a regular point of G ⇔ q is a regular point of G * o p is a regular point with a finite motion ⇔ q is regular point a with a finite motion Table 1 : Summary of results about the transfer of flexibility from the framework (G, p) in the Euclidean space E d to the coned framework (G * o, q) in E d+1 (see Theorems 3.1, 3.6, 4.1, and 4.2).
Framework (G, p) with symmetry group S in E d p = π(q) Coned framework (G * o, q) with symmetry group S * in
has a non-trivial S * -symmetric self stress p is an S-regular point of G ⇔ q is an S * -regular point of G * o p is an S-regular point with symmetry-preserving finite motion ⇔ q is an S * -regular point with symmetry-preserving finite motion Table 2 : Summary of results about the transfer of S-symmetric flexibility from the framework (G, p) with symmetry group S in the Euclidean space E d to the coned framework (G * o, q) with symmetry group S * in E d+1 (see Theorems 3.6, 4.1, and 4.2).
has a non-trivial S * -symmetric infinitesimal motion (G, p) has a non-trivial Ssymmetric self stress ⇔ (G, q) has a non-trivial S * -symmetric self stress p is an S-regular point of G ⇔ q is an S * -regular point of G p is an S-regular point with symmetry-preserving finite motion ⇔ q is an S * -regular point with symmetry-preserving finite motion 
Background

Rigidity of frameworks in E d
The following is standard material, following sources such as [29, 21] . We define a framework in E d to be a pair (G, p), where G is a finite simple graph with vertex set V(G) and edge set E(G), and p : V(G) → E d is an embedding of the vertices of G in Euclidean d-space. We also say that (G, p) is a d-dimensional realization of the underlying graph G. We often identify the function p with a row vector in E d|V(G)| (by using some fixed order on the vertices in V(G)), in which case we refer to p as a configuration of |V(G)| points in E d . For i ∈ V(G), we say that p(i) is the joint of (G, p) corresponding to i, and for e = {i, j} ∈ E(G), we say that {p(i), p( j)} is the bar of (G, p) corresponding to e. Throughout the paper, we denote n := |V(G)|.
For a fixed ordering of the edges of a graph G, we define the edge function
, and · denotes the Euclidean norm in E d [2] .
is the set of all configurations q of n points in E d with the property that corresponding bars of the frameworks (G, p) and (G, q) have the same length. In particular, we clearly have f
, where K n is the complete graph on V(G).
An analytic path
, and x is called a finite flex
We say that (G, p) is rigid if every finite motion of (G, p) is trivial; otherwise (G, p) is called flexible. It is a well established fact that the existence of an analytic finite flex is equivalent to the existence of a continuous finite flex, and in turn to a converging sequence of non-congruent configurations [2] .
Given a framework (G, p) in E d , the rigidity matrix of (G, p) is the |E(G)| × dn matrix R(G, p) = 
where u i denotes the vector u(i) for each i. Note that the kernel of the rigidity matrix R(G, p) is the space of all infinitesimal motions of (G, p). An infinitesimal motion u of (G, p) is an infinitesimal rigid motion (or trivial infinitesimal motion) if there exists a skew-symmetric matrix S (a rotation) and a vector t (a translation) such that u i = Sp i + t for all i ∈ V(G). Otherwise u is an infinitesimal flex (or non-trivial infinitesimal motion) of (G, p).
Note that if the joints of (G, p) span all of E d (in an affine sense), then the kernel of the rigidity matrix R(K n , p), where K n is the complete graph on the vertices of G, is the space of infinitesimal rigid motions of (G, p). It is well known that this space is of dimension d+1 2 . We say that (G, p) is infinitesimally rigid if every infinitesimal motion of (G, p) is an infinitesimal rigid motion. Otherwise (G, p) is said to be infinitesimally flexible [29] .
Clearly, if the joints of (G, p) affinely span all of E d , then nullity R(G, p) ≥ 2 . An infinitesimally rigid framework is always rigid. The converse, however, does not hold in general.
A self-stress of a framework (G, p) is a function ω : E(G) → E such that at each joint p i of (G, p) we have
where ω i j denotes ω({i, j}) for all {i, j} ∈ E(G). Note that if we identify a selfstress ω with a row vector in R |E(G)| (by using the order on E(G)), then we have ωR(G, p) = 0. In structural engineering, the self-stresses are also called equilibrium stresses as they record tensions and compressions in the bars balancing at each vertex.
If (G, p) has a non-zero self-stress, then (G, p) is said to be dependent (since in this case there exists a linear dependency among the row vectors of R(G, p)). Otherwise, (G, p) is said to be independent. A framework which is both independent and infinitesimally rigid is called isostatic [7, 29] .
A configuration p of n points in E d is called a regular point of the graph G, if rank R(G, p) ≥ rank R(G, q) for all q ∈ E dn . A framework (G, p) is said to be regular if p is a regular point of G.
It follows from this definition that the set of all regular realizations of a graph G in E d forms a dense open subset of all possible realizations of G in E d [10] . Moreover, note that the infinitesimal rigidity of a regular realization of G depends only on the underlying graph G and not on the particular realization [10] . Asimov and Roth showed in [2] that for regular frameworks, infinitesimal rigidity and rigidity are equivalent. This result of Asimov and Roth provides a key tool for detecting finite motions in frameworks. An extension of the theorem of Asimov and Roth to symmetric frameworks has recently been established in [20] . We will formulate this result in the next section.
Symmetric frameworks in E d
Let G be a graph and let Aut(G) denote the automorphism group of G. A symmetry operation of a framework (G, p) in E d is an isometry x of E d such that for some α ∈ Aut(G), we have x(p i ) = p α(i) for all i ∈ V(G) [13, 21, 22] .
The set of all symmetry operations of a framework (G, p) forms a group under composition, called the point group of (G, p) [3, 13, 22] . Since translating a framework does not change its rigidity properties, we may assume wlog that the point group of any framework in this paper is a symmetry group (with the origin fixed), i.e., a subgroup of the orthogonal group O(E d ) [20, 21, 22] .
We use the Schoenflies notation for the symmetry operations and symmetry groups considered in this paper, as this is one of the standard notations in the literature about symmetric structures (see [3, 11, 13, 14, 15, 20, 21] , for example). In this notation, the identity transformation is denoted by Id, a rotation about While the general methods and results of this paper apply to all symmetry groups, we will only analyze three different types of groups in our examples. In the Schoenflies notation, they are denoted by C m , C s , and C mv . For any dimension d, C m is a symmetry group generated by an m-fold rotation C m , and C s is a symmetry group consisting of the identity Id and a reflection s. The only other possible type of symmetry group in dimension 2 is the group C mv which is a dihedral group generated by a pair {C m , s}. In dimension 3, C mv denotes any symmetry group that is generated by a rotation C m and a reflection s whose corresponding mirror contains the rotational axis of C m . For further information about the Schoenflies notation we refer the reader to [3, 13, 22] .
Given a symmetry group S in dimension d and a graph G, we let R (G,S) denote the set of all d-dimensional realizations of G whose point group is either equal to S or contains S as a subgroup [21, 22] . In other words, the set R (G,S) consists of all realizations (G, p) of G for which there exists a map Φ :
A framework (G, p) ∈ R (G,S) satisfying the equations in (2) for the map Φ : S → Aut(G) is said to be of type Φ, and the set of all realizations in R (G,S) which are of type Φ is denoted by R (G,S,Φ) (see again [21, 22] and Figure 1 ).
is the homomorphism defined by Φ b (s) = (1 4)(2 3).
Since we assume that the map p of any framework (G, p) ∈ R (G,S,Φ) is always injective (i.e., p i p j if i j), it follows that (G, p) is of a unique type Φ, and Φ is necessarily also a homomorphism (see [22] for details). This allows us (with a slight abuse of notation) to use the terms p x(i) and p Φ(x)(i) interchangeably, where i ∈ V(G) and x ∈ S. In general, if the type Φ is clear from the context, we often simply write x(i) instead of Φ(x)(i).
Let (G, p) ∈ R (G,S,Φ) and let x be a symmetry operation in S. Then the joint p i of (G, p) is said to be fixed by x if Φ(x)(i) = i, or equivalently (since p is assumed to be injective), x(p i ) = p i .
Let the symmetry element corresponding to x be the linear subspace F x of E d which consists of all points a ∈ E d with x(a) = a. Then the joint p i of any framework (G, p) in R (G,S,Φ) must lie in the linear subspace
The joint p 1 of the framework (K 2,2 , p) ∈ R (K 2,2 ,C s ,Φ a ) depicted in Figure 1 (a) , for example, is fixed by the identity Id ∈ C s , but not by the reflection s ∈ C s , so that U(p 1 ) = F Id = E 2 . The joint p 2 of (K 2,2 , p), however, is fixed by both the identity Id and the reflection s in C s , so that U(p 2 ) = F Id ∩ F s = F s . In other words, U(p 2 ) is the mirror line corresponding to s.
Note that if we choose a set of representatives O v = {1, . . . , k} for the orbits S(i) = {Φ(x)(i)| x ∈ S} of vertices of G, then the positions of all joints of (G, p) ∈ R (G,S,Φ) are uniquely determined by the positions of the joints p 1 , . . . , p k and the symmetry constraints imposed by S and Φ. Thus, any framework in R (G,S,Φ) may be constructed by first choosing positions p i ∈ U(p i ) for each i = 1, . . . , k, and then letting S and Φ determine the positions of the remaining joints.
Let P (G,S,Φ) be the subspace of configurations in E dn which satisfy the equa-
To formulate the symmetric version of the theorem of Asimov and Roth, we need the notion of an S-symmetric infinitesimal motion which we define next. In general, as shown in [20, 23] , an analysis of the infinitesimal motions and stresses of a symmetric framework which exhibit the full symmetry of the framework can give important insight into the rigidity properties of the framework.
An infinitesimal motion u of a framework (
i.e., if u is unchanged under all symmetry operations in S (see also Figure 2 (a) and (b)). Note that it follows immediately from (3) that if u is an S-symmetric infinitesimal motion of (G, p), then u i is an element of U(p i ) for each i. Moreover, u is uniquely determined by the velocity vectors u 1 , . . . , u k whenever O V(G) = {1, . . . , k} is a set of representatives for the vertex orbits
A self-stress ω of a framework (G, p) ∈ R (G,S,Φ) is S-symmetric if ω e = ω f whenever e and f belong to the same orbit S(e) = {Φ(x)(e)| x ∈ S} of edges of G (see also Figure 3 (a)).
Figure 2: Infinitesimal motions of frameworks in the plane: (a) a C 2 -symmetric non-trivial infinitesimal motion of (
Note that an S-symmetric self-stress is clearly uniquely determined by the components ω e 1 , . . . , ω e r , whenever O E(G) = {e 1 , . . . , e r } is a set of representatives for the edge orbits S(e) = {Φ(x)(e)| x ∈ S} of G.
We are now ready to state the symmetric version of the theorem of Asimov and Roth which was proved in [20] . [20] ) Let G be a graph, S be a symmetry group in dimension d, Φ : S → Aut(G) be a homomorphism, and (G, p) be a framework in R (G,S,Φ) whose joints span all of E d . If (G, p) is S-regular and (G, p) has an S-symmetric non-trivial infinitesimal motion, then there also exists a non-trivial finite motion of (G, p) which preserves the symmetry of (G, p) throughout the path.
Theorem 2.1 (Schulze
By Theorem 2.1, we may test an S-regular framework (G, p) for flexibility by analyzing its S-symmetric infinitesimal rigidity properties, which in turn can be done via the 'orbit rigidity matrix' which was introduced in [23] .
Definition 2.1 Let G be a graph, S be a symmetry group in dimension d, Φ : S → Aut(G) be a homomorphism, and (G, p) be a framework in
. . , k} be a set of representatives for the orbits S(i) = {Φ(x)(i)| x ∈ S} of vertices of G. We construct the orbit rigidity matrix (or in short, orbit matrix) O(G, p, S) of (G, p) so that it has exactly one row for each orbit S(e) = {Φ(x)(e)| x ∈ S} of edges of G and exactly c i :
Given an edge orbit S(e) of G, there are two possibilities for the corresponding row in O(G, p, S):
The two end-vertices of the edge e lie in distinct vertex orbits. Then there exists an edge in S(e) that is of the form {i, x( j)} for some x ∈ S, where i, j ∈ O V(G) . Let a basis B i for U(p i ) and a basis B j for U(p j ) be given and let M i and M j be the matrices whose columns are the coordinate vectors of B i and B j relative to the canonical basis of E d , respectively. The row we write in O(G, p, S) is:
Case 2:
The two end-vertices of the edge e lie in the same vertex orbit. Then there exists an edge in S(e) that is of the form {i, x(i)} for some x ∈ S, where
Remark 2.1 Note that the rank of the orbit rigidity matrix O(G, p, S) is clearly independent of the choice of bases for the spaces U(p i ) (and their corresponding matrices M i ), i = 1, . . . , k.
Remark 2.2
If none of the joints of (G, p) are fixed by any non-trivial symmetry operation in S, then the orbit rigidity matrix O(G, p, S) of (G, p) has dk = d|O V(G) | columns, and each of the matrices M i and M j may be chosen to be the d × d identity matrix. In this case, the matrix O(G, p, S) becomes particularly easy to construct (see also Example 2.1.)
We illustrate the definition of the orbit rigidity matrix with two examples. Figure 2 (a). If we denote p 1 = (0, a), p 2 = (b, c), then p 3 = (0, −a), and p 4 = (−b, −c), and the rigidity matrix of (K 2,2 , p) is the matrix Example 2.2 Similarly, the orbit rigidity matrix of the 2-dimensional framework Figure 3 (a) is the matrix
Clearly, (G, p) has a one-dimensional space of C 3v -symmetric self-stresses, spanned by (α, α, α, β, β, β, γ, γ, γ), where α = 1, β = b−a 3a , and γ = a−b 3b . Note that for ω = (α, β, γ), we have ωO(G, p, C 3v ) = 0.
The key result for the orbit rigidity matrix is the following: Theorem 2.2 (Schulze, Whiteley [23] ) Let (G, p) be a framework in R (G,S,Φ) . Then the solutions to O(G, p, S)u = 0 are isomorphic to the space of S-symmetric infinitesimal motions of (G, p). Moreover, the solutions to ωO(G, p, S) = 0 are isomorphic to the space of S-symmetric self-stresses of (G, p).
As a consequence of Theorem 2.2 we conclude that a framework (G, p) ∈ R (G,S,Φ) is S-regular if and only if rank O(G, p, S) = max rank O(G, q, S) | q ∈ P (G,S,Φ) (see [20] and [23] for details).
Euclidean coning of symmetric frameworks
In this section we first present the basic process of coning a framework to the origin without added symmetry ( §3.1). The basic result of §3.1 that coning preserves infinitesimal rigidity and independence is also presented in [28] . Here we describe an alternative rigidity matrix approach to this result which will permit a direct generalization to symmetric frameworks ( §3.2). We then move joints back and forth along their rays to the origin (the cone joint) in §3.3. Finally in §3.4 we apply this process to move the framework onto the sphere. In all of this, the matrix processes (row and column reductions) will be reversible, and will permit a simple tracking of how the infinitesimal motions (kernel) and the self-stresses (row dependencies) are modified into isomorphic spaces on the cone.
Coning a general framework in
We embed the framework (G, p) into the hyperplane
. We then cone the resulting framework (G, p) to the origin o in E d+1 , i.e., we connect each of the n joints of (G, p) with o (see also Figure 4 ). This adds n rows to the new rigidity matrix for the cone framework (G * o, p * ) in
The cone rigidity matrix of the cone framework (
We have added n rows and n columns. We note that (p i − p j ) is zero in each added column. Moreover, for each added column (under vertex i) there is exactly one added row which is non-zero in this column: p i has a 1 in this column. Thus we have increased the rank by n, and preserved the dimension of the kernel.
We have not added the columns for the added cone vertex o -which would have increased the dimension of the kernel by d+1. Instead, for convenience, we have introduced a modified cone rigidity matrix, where the kernel is reduced and the infinitesimal motions are restricted to those which fix the origin -the cone joint. This will be particularly convenient for the sphere (see §3.4).
Example 3.1 Consider the cone framework
) of the framework (K 2,2 , p) ∈ R (K 2,2 ,C 2 ) from Example 2.1 (see also Figure 2 (a) ). The cone rigidity matrix of (K 2,2 * o, p * ) is the matrix
If we apply this same process to the complete graph on the vertices, we see that the trivial motions in E d go to trivial motions in E d+1 which fix the origin. Rotations will go to rotations around extended axes which contain the origin, and translations will also go to rotations around axes formed by joining the origin to the 'implied center of the translation' at infinity.
What does the transfer of velocities look like, in practice? Consider Figure 5 which shows the process from the line to the plane. We keep the same first d coordinates of the velocities, and add whatever last entry will make the vector perpendicular to the bar from the origin to the joint. That is, we take the unique Figure 5 : The velocity in Euclidean space u i goes to a distinct velocity u i on the cone (a). This velocity is modified when pulled onto the hemisphere (b), (c) but
vector which is perpendicular to the coning bar and projects orthogonally onto the previous velocity. Explicitly, for a d-dimensional velocity vector u i at a joint p i , the new velocity vector at the joint p i is the
If we consider self-stresses -row dependencies -the new rows are independent of all previous rows, and there is a direct correspondence of self-stresses between the two matrices (simply add 0 coefficients to all the new rows when extending, or delete these coefficients when transferring back). (i) The space of infinitesimal motions of (G, p) in E d is isomorphic to the space of infinitesimal motions of the cone framework (G * o, p * ) in E d+1 , with the cone joint fixed at the origin;
(ii) the space of trivial infinitesimal motions of (G, p) in E d is isomorphic to the space of trivial infinitesimal motions of (G * o, p * ) in E d+1 , with the cone joint fixed at the origin; (iii) (G, p) has a non-trivial infinitesimal motion in E d if and only if (G * o, p * ) has a non-trivial infinitesimal motion in E d+1 ;
(iv) the space of self-stresses of the framework (G, p) is isomorphic to the space of self-stresses of (G * o, p * );
Notice that we have stated the last three parts above without any reference to the cone joint being fixed. This was intentional. Adding the missing d + 1 columns for the cone vertex will add a (d+1)-dimensional space of infinitesimal translations, but will not add any non-trivial infinitesimal motions. The rank of the matrix will not change, nor will the space of self-stresses. It is a general principle of statics that an equilibrium at all but one vertex will satisfy the equilibrium equation at the final vertex.
As a next step, for each i, we subtract the added row for the coning edge {0, i} from each edge containing the vertex i. This yields the following modified cone rigidity matrix:
This modified matrix no longer has the direct appearance of a 'rigidity matrix for a framework' -but the form is well structured for further work throughout this section.
This row reduction preserves the rank and the solution space, so that the kernel (the space of infinitesimal motions) remains unchanged. The row dependencies (self-stresses), however, do take a different form.
Specifically, the former equilibrium equation for each vertex i:
So we keep the same coefficient on the rows for the edges {i, j} and the new coefficient (Σ j | {i, j}∈E(G) ω i j ) on the row for {0, i}. We can now see the direct isomorphism of the spaces of dependencies between the two matrices.
Since we no longer have the explicit rigidity matrix for an identified framework, we record these correspondences in the following form. Proposition 3.2 For a given cone framework (G * o, p) the matrices R(G * o, p) and R * (G * o, p) have have the same rank as well as isomorphic kernels and cokernels.
Coning with symmetry
In this section, we show that for a given framework (G, p) in R (G,S,Φ) , the cone framework (G * o, p * ) has essentially the same symmetry group and the same symmetric infinitesimal rigidity properties as (G, p). Since the type Φ : S → Aut(G) of a given framework (G, p) with symmetry group S is always uniquely determined (recall Section 2.2), we will simply write (G, p) ∈ R (G,S) from now on.
Definition 3.1 Let S be a symmetry group in dimension d and let x ∈ S. We denote the matrix which represents x with respect to the canonical basis of E d by M x . Then x * is defined as the orthogonal transformation of E d+1 which is represented by the matrix
with respect to the canonical basis of E d+1 . Further, we let S * be the orthogonal group in dimension (d + 1) which has the elements {x * : x ∈ S}. 
for all i ∈ V(G) and all x ∈ S if and only if
for all i ∈ V(G) and all x ∈ S. This gives the result. (i) the space of S-symmetric infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric infinitesimal motions of (G * o, p * ) in E d+1 , with the cone joint of (G * o, p * ) fixed at the origin;
(ii) the space of trivial S-symmetric infinitesimal motions of (G, p) in E d is isomorphic to the space of trivial S * -symmetric infinitesimal motions of (G * o, p * ) in E d+1 , with the cone joint of (G * o, p * ) fixed at the origin;
(iii) (G, p) has a non-trivial S-symmetric infinitesimal motion in E d if and only if (G * o, p * ) has a non-trivial S * -symmetric infinitesimal motion in E d+1 ;
(iv) the space of S-symmetric self-stresses of (G, p) is isomorphic to the space of S * -symmetric self-stresses of (G * o, p * ).
Proof. We use the same basic procedure as in Section 3.1. Recall that for a d-dimensional framework (G, p) ∈ R (G,S) whose vertex orbits under the action of S are represented by the vertices 1 . . . , k, the orbit rigidity matrix O(G, p, S) of (G, p) is the r × c matrix
For each i = 1, . . . , k, we let B * i be the basis of the space U(p * i ) which consists of the basis vectors {(w, 0) : w ∈ B i } and the additional basis vector e d+1 -the (d + 1)st canonical basis vector of E d+1 . Further, we let M * i be the matrix whose columns are the coordinate vectors of B * i relative to the canonical basis of E d+1 ; that is,
Note that we have added k rows and k columns, and that for every edge {i, x( j)}, i j, and every edge {i, y(i)} of G, the vectors (p i − x * (p j ))M i and
are zero in the added column. Moreover, for each added column (under vertex i) there is exactly one added row which is nonzero in this column: p i M * i has a 1 in this column. Thus we have increased the rank by k, and preserved the dimension of the kernel.
If we apply this process to the complete graph on the vertices, we see that the dimension m of the space of trivial S-symmetric infinitesimal motions of (G, p) is equal to the dimension m * of the space of trivial S * -symmetric infinitesimal motions of (G * o, p * ) (with the cone joint fixed at the origin). This gives the result. Similar to Theorem 3.1, we have stated the last two parts in Theorem 3.4 without any reference to the cone joint being fixed. This is because the missing c 0 := dim(U(p 0 )) = dim( x * ∈S * F x * ) columns for the cone joint will add a c 0 -dimensional space of S * -symmetric infinitesimal translations, but will not add any S * -symmetric non-trivial infinitesimal motions. The rank of the matrix will not change, nor will the space of row dependencies (symmetric self-stresses).
The transfer of symmetric velocities from the framework (G, p) to the cone framework (G * o, p * ) is the same as the one described in Section 3.1: we keep the same first d coordinates of the velocities, and add whatever last entry will make the vector perpendicular to the bar from the origin to the joint. Note that this transfers an S-symmetric infinitesimal motion of (G, p) to an S * -symmetric infinitesimal motion of (G * o, p * ). Similarly, since the new rows in O * (G * o, p * , S * ) are independent of all previous rows, there is a direct correspondence of rowdependencies (symmetric self-stresses) between the two matrices O(G, p, S) and O * (G * o, p * , S * ) (simply add 0 coefficients to all the new rows when extending, or delete these coefficients when transferring back).
Note that in the case where S is the identity group, Theorem 3.4 simply restates Theorem 3.1.
Analogous to the process described in Section 3.1, we now carry out a row reduction in the cone orbit matrix O * (G * o, p * , S * ) (using the added row corresponding to coning edge {0, i} to subtract from edges containing the vertex i). This produces a modified cone orbit matrix O(G * o, p * , S * ) which is equal to
Analogous to the matrix R(G * o, p) in Section 3.1, the matrix O(G * o, p * , S * ) no longer has the direct appearance of an 'orbit rigidity matrix for a framework'. However, we will be using this matrix as a starting point for further work throughout this section.
This row reduction preserves the rank and the solution space, so that the kernel (the space of symmetric infinitesimal motions) remains unchanged. The row dependencies (symmetric self-stresses) however change in the analogous way as described in Section 3.1. Specifically, we keep the same coefficients, ω i j , on the rows for the original edges (i.e., the edges of the form {i, x( j)} and {i, y(i)}) and the new coefficient (Σ j | {i, j}∈O E(G) ω i j ) on the row for {0, i}.
We summarize these observations in the following theorem:
Theorem 3.5 For a given cone framework (G * o, p) ∈ R (G * o,S * ) , the matrices O * (G * o, p * , S * ) and O(G * o, p * , S * ) have have the same rank as well as isomorphic kernels and cokernels.
We conclude this section with two examples, illustrating Theorem 3.4. ) of the cone framework (K 2,2 * o, p * ) is the matrix
) is the matrix ).)
2 which is depicted in Figure 3 (a). The orbit rigidity matrix
With the notation of Example 2.2, this matrix is equal to
The C * 3v
-symmetric self-stress of (G * o, p * ) corresponding to the C 3v -symmetric selfstress ω of (G, p) defined in Example 2.2 is ω * = (α, β, γ, 0, 0). Finally, note that the
) is the matrix
A row dependency of this matrix is given by the vector (α, β, γ, α + β, α + γ).
Pulling vertex orbits
If we move an orbit of joints off of the hyperplane x d+1 = 1, along the corresponding rays to the cone joint, then this amounts to multiplying the coordinates p i by a scalar α i 0 to create q i := α i p i . In the orbit matrix O(G * o, p * , S * ), we multiply the rows {i, x( j)}, i j, by α i α j , and the rows {i, y(i)} and {0, i} by α 2 i to produce
This is equivalent to multiplying the orbit matrix O(G * o, p * , S * ) on the left by an invertible matrix. We can then multiply the columns for vertex i by 1 α i to get:
This is equivalent to multiplying the orbit matrix on the right by an invertible matrix.
Since all of these changes are reversible equivalences, representable by invertible matrix multiplication, we see that the general cone framework has no S * -symmetric infinitesimal flex (S * -symmetric self-stress) if and only if the projection onto a hyperplane has no S-symmetric infinitesimal flex (S-symmetric self-stress). More generally, coning gives an isomorphism of the spaces of S * -symmetric self-stresses of the coned framework and S-symmetric self-stresses of the framework projected into a hyperplane not containing the cone joint, as well as an isomorphism of the space of S * -symmetric first-order motions of the coned framework which fix the cone joint, and the S-symmetric first-order motions of the projected framework, an isomorphism which takes the trivial motions to the trivial motions. Theorem 3.6 (Transfer for coning with symmetry) Let q be a configuration of n+ 1 points (including the origin) in E d+1 such that the projection π(q) from the origin onto the hyperplane and then projected back to E d , is equal to p ∈ E dn . Then (i) the space of S-symmetric infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric infinitesimal motions of (G * o, q) in E d+1 , with the cone joint of (G * o, q) fixed at the origin;
(ii) the space of S-symmetric trivial infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric trivial infinitesimal motions of (G * o, q) in E d+1 , with the cone joint of (G * o, q) fixed at the origin; (iii) (G, p) has a non-trivial S-symmetric infinitesimal motion in E d if and only if (G * o, q) has a non-trivial S * -symmetric infinitesimal motion in E d+1 ;
(iv) the space of S-symmetric self-stresses of (G, p) is isomorphic to the space of S * -symmetric self-stresses of (G * o, q).
For S = Id, this is the original result given in [28] , using different techniques.
Hemispherical realizations
In particular, we could scale all joints onto the sphere of radius 1 using scalars α i > 0, producing an isomorphism of the spaces of S-symmetric stresses and infinitesimal motions of the original framework (G, p) on the hyperplane and the spaces of S * -symmetric stresses and infinitesimal motions of the framework (G, q) on the corresponding upper half-hypersphere (hemi-hypersphere) S d + . There is no current standard form for the (orbit) rigidity matrix on the sphere that we have encountered. Implicitly, these frameworks are often modeled as cone frameworks with a cone joint at their center.
Theorem 3.7 (Transfer between Euclidean and spherical spaces, with symmetry)
Let q be a configuration of n points in S d + such that the projection π(q) from the origin (the center of the sphere) onto the hyperplane and then projected back to E d , is equal to p ∈ E dn . Then (i) the space of S-symmetric infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric infinitesimal motions of (G,
(ii) the space of S-symmetric trivial infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric trivial infinitesimal motions of (G, q) in S (iv) the space of S-symmetric self-stresses of (G, p) in E d is isomorphic to the space of S * -symmetric self-stresses of (G, q) in S d + .
For S = Id, we have given an alternative proof of the basic correspondence between spherical and Euclidean frameworks given in [19] . An alternative way of describing the corresponding frameworks (without symmetry) is saying that they have the same projective coordinates.
Coning finite flexes
One of our goals in working out the details of coning and symmetry has been the opportunity coning offered for transferring finite flexes from E d to E d+1 and to S d . In Section 4.1 we confirm that this transfer of finite flexes occurs when we cone with symmetry at a regular point for the class of S-symmetric realizations (including when we simply cone at a regular point -the case of the trivial symmetry). Section 4.2 includes some cautionary examples showing that at points that are not regular (for the trivial symmetry group) we cannot expect a transfer of finite flexes. That is, there are cones of finitely flexing frameworks which are not finitely flexible, as well as cones which are finitely flexible even when their projections are not finitely flexible. The larger search for more conditions that guarantee flexibility of generically infinitesimally rigid graphs remains an important area for continuing research.
Transfer of finite flexes at regular points, under coning
We recall that one guarantee of a finite flex is that we have a non-trivial infinitesimal motion at a regular point of the graph, or a non-trivial S-symmetric infinitesimal motion at an S-regular point of the graph (Theorem 2.1). The previous sections have confirmed the correspondence of non-trivial infinitesimal motions between cones and their projections, with and without symmetry. We now confirm the correspondence of regular points. Theorem 4.1 Let q be a configuration of n + 1 points (including the origin) in E d+1 such that the projection from the origin, π(q), through the hyperplane and back to E d is equal to p ∈ E dn .
(i) The configuration p ∈ E dn is a regular point of G if and only if q ∈ E (d+1)(n+1) is a regular point of G * o, where the cone joint is fixed at the origin;
(ii) if (G, p) ∈ R (G,S) and (G * o, q) ∈ R (G * o,S * ) , then p is an S-regular point of G if and only if q is an S * -regular point of G * o, where the cone joint is fixed at the origin;
, where q ∈ S d + , then p is an S-regular point of G if and only if q is an S * -regular point of G, where the cone joint is fixed at the origin.
Proof. (i) From the basic theorems on coning, we know that a configuration p gives the maximum rank for the rigidity matrix for G if and only if q gives the maximum rank for the rigidity matrix for G * o, where the cone joint is fixed at the origin.
Moreover, moving in an open neighborhood of p in E dn , the rank of the rigidity matrix of G cannot drop immediately, but must be maintained over an open set. The rank is determined by a maximal minor with non-zero determinant, and small changes cannot switch this polynomial from non-zero to zero. Similarly, if we are moving within an open neighborhood of q (minus the origin) in E (d+1)n , the rank of the cone rigidity matrix does not drop. This confirms that p is a regular point of G if and only if q is a regular point of G * o.
(ii), (iii) The arguments for these are entirely analogous to the previous argument.
While the following result is essentially a corollary to the accumulated results, we collect it as a theorem for general referencing. 
Remark 4.1 (Generic implies regular)
In rigidity theory, it is common to define a configuration p of n points in E d to be generic if the determinant of any submatrix of the rigidity matrix R(K n , p), where K n is the complete graph on n vertices, is zero only if it is (identically) zero as a polynomial in the variables p i . A framework (G, p) is called generic if the configuration p is. Similarly, a framework (G, p) ∈ R (G,S,Φ) is defined to be S-generic if any submatrix of the rigidity matrix R(K n , p) is zero only if it is zero for all p i satisfying the symmetry equations in (2) [22] . In other words, we obtain an S-generic realization of G by placing the representatives of the vertex orbits under the action of S into 'generic' positions within their associated subspaces U(p i ). Notice that it follows immediately from the definitions that the set of all generic realizations of G in E d ! forms a dense open subset of all possible realizations of G in E d , and that the set of all S-generic realizations of G forms a dense open subset of the set R (G,S,Φ) . Moreover, every generic (S-generic) realization of G is also a regular (S-regular) realization of G in E d [20] . Thus, Theorem 4.2 applies in particular to generic and S-generic frameworks.
When finite flexes do not transfer under coning
It is cautionary to recognize that the results of the previous section depend on two properties of coning: (a) the operations of coning and projecting preserve the symmetries of the configuration, and (b) the configurations are at regular points for those symmetries. 2 . This same general condition transfers up to the sphere, as the condition that such a framework is flexible is that the two great circles are perpendicular. Note that these properties do not require symmetry.
However, if the framework has the symmetry generated by these two lines as mirrors, the symmetry does predict the finite flexes [23] . So the failure of such transfer also gives insights into failures of the transfer of finite flexes induced by symmetry.
(a) With the mirrors (and perpendicular lines) aligned at the origin in E 2 the finite flexes transfer using the prior results.
(b) If we have perpendicular lines on the sphere, and then rotate the sphere, the finite flex is preserved by the isometry. However, if we re-project with the ray through the intersection point not vertical, we can arrange that the projected image does not have perpendicular lines. As a result, the finite flex on the sphere does not project to a finite flex in the plane.
(c) On the other hand, if we translate the framework in the plane so that the intersection point is a general point off the origin, then coning up the framework will create a framework on the sphere without perpendicular lines. While the infinitesimal flex will be preserved, there will be no finite flex on the sphere.
Hyperbolic space as coning in Minkowskian geometry
We can extend the processes of the previous sections to a process which will transfer results for Euclidean frameworks in E d through to the corresponding frameworks in hyperbolic space H d . This process involves embedding E d into a hyperplane in Minkowskian geometry, and then coning to the origin so that this cone framework lies on a hyper-hyperboloid which carries the metric of hyperbolic geometry.
Again the entire process extends to symmetry groups, provided we are careful about the orientation of the plane we use in the Minkowskian geometry. We begin with the basic structure of rigidity in Minkowskian space.
Minkowskian frameworks
In this section we will focus on frameworks embedded in the (d+1)-dimensional Minkowskian space M d+1 . This will follow precisely the steps in §2.1. However, since the rigidity theory in Minkowskian space is not widely studied [1] , we state the basic definitions and results.
As a basic geometry, the (d
A bar and joint framework in Minkowskian (d + 1)-space is a graph G, with vertices V(G) and edges E(G), and a map p : V(G) → M d+1 such that for i, j ∈ V(G), we have p i p j (the joints are distinct).
This slight change in the metric means that we make a slight change in the equations defining an infinitesimal motion and the corresponding rigidity matrix. For a fixed ordering of the edges of a graph G with vertex set V(G) = {1, . . . , n}, we define the edge function f
where ω i j denotes ω({i, j}) for all {i, j} ∈ E(G). Note that if we identify a selfstress ω with a row vector in R |E(G)| (by using the order on E(G)), then we have
(since in this case there exists a linear dependency among the row vectors of
A framework which is both independent and infinitesimally rigid is called isostatic in M d+1 .
A configuration p of n points in M d+1 is called a regular point of the graph G,
It follows immediately from this definition that the set of all regular realizations of a graph G in M d+1 forms a dense open subset of all possible realizations of G in M d+1 . Moreover, note that the infinitesimal rigidity of a regular realization of G depends only on the underlying graph G and not on the particular realization.
The results of Asimov and Roth in [2] generalize in a natural way so that for regular frameworks in M d+1 , infinitesimal rigidity and rigidity are equivalent. This result continues to provide a key tool for detecting finite flexes in frameworks.
Coning from Euclidean space into Minkowskian space
In this section, we will embed the Euclidean space E d as the hyperplane x d+1 = 1 in the Minkowskian space M d+1 . Notice that the metric among points within this hyperplane is the same as the metric in the Euclidean space, since the final coordinate cancels out. Given a framework (G,
, and then cone the resulting framework to the origin o in M d+1 with n new edges, adding n rows to the new rigidity matrix in M d+1 , creating the cone graph, G * o, and the cone framework (G * o, p * ). This procedure follows the basic steps of Section 3.1.
The cone rigidity matrix in M d+1 of the cone framework (G * o, p * ) is the As before, we have added n rows and n columns, and ( p i − p j ) is zero in each added column. Moreover, for each added column (under vertex i) there is exactly one added row which is non-zero in this column: p i has a −1 in this column. Thus we have increased the rank by n, and preserved the dimension of the kernel. For convenience, we have given a modified cone rigidity matrix which omits columns for the cone joint (the origin), and the infinitesimal motions are restricted to those which fix the origin. This takes infinitesimal motions of (G,
When we apply this same process to a complete graph on the vertices, we see that the trivial infinitesimal motions in E d go to trivial infinitesimal motions in M d+1 which fix the origin.
What does the transfer of velocities look like, in practice? Consider Figure 6(a) which shows the process from the line to the plane. We keep the same first d coordinates of the velocities, and add whatever last entry will make the vector perpendicular to the bar from the origin to the joint, in the measure of angle in Minkowskian space. That is, we take the unique vector which is perpendicular to the coning bar and projects orthogonally onto the previous velocity.
Coning with symmetry in M d+1
This subsection will follow the steps in Section 3.2. As before, we first show that for a given framework (G, p) in R (G,S) in E d , the cone framework (G * o, p * ) in M d+1 has the equivalent symmetry group S * , lying in the corresponding space R M (G,S * )
. It also has the same symmetric infinitesimal rigidity properties as (G, p). Definition 5.1 Let S be a symmetry group in dimension d and let x ∈ S. Recall that we denote the matrix which represents x w.r.t. the canonical basis of E d by M x . We define x * to be the transformation of M d+1 which is represented by the matrix
w.r.t. the canonical basis of M d+1 . This is still an isometry in M d+1 , since
where a = (a 1 , . . . , a d ) and π(a 1 , . . . , a d , a d+1 ) := (a 1 , . . . , a d ). We let S * be the group in dimension (d + 1) which has the elements {x * : x ∈ S}.
We immediately have the corresponding version of Theorem 3.3
. We then cone this to the origin o in M d+1 . This gives rise to k new rows in the orbit rigidity matrix
For each i = 1, . . . , k, we let B * i be the basis of the space U(p * i ) which consists of the basis vectors {(w, 0) : w ∈ B i } and the additional basis vector e d+1 -the (d + 1)st canonical basis vector of M d+1 . Further, we let M * i be the matrix whose columns are the coordinate vectors of B * i relative to the canonical basis of M d+1 ; that is,
Note that we have added k rows and k columns, and that for every edge {i, x( j)}, i j, and every edge {i, y(i)} of G, the vectors (
are zero in the added column. Moreover, for each added column (under vertex i) there is exactly one added row which is nonzero in this column: p i M * i has a −1 in this column. Thus we have increased the rank by k, and preserved the dimension of the kernel.
If we apply this process to the complete graph on the vertices, we see that the dimension m of the space of trivial S-symmetric infinitesimal motions of (G, p) is equal to the dimension m * of the space of trivial S * -symmetric infinitesimal motions of (G * o, p * ) (with the cone joint fixed at the origin). This gives the result.
Pushing vertex orbits in Minkowskian space
Following the same steps as used in §3.2- §3.5, we can push and pull orbits of joints along the cone rays to create the framework (G * o, q, S * ). All of the steps involve simple row reductions in the orbit matrix O * M (G * o, p * , S * ) plus multiplying the rows and columns by non-zero constants. Without repeating all the details, we can conclude with the analog of Theorem 3.6. (iii) (G, p) has a non-trivial S-symmetric infinitesimal motion in E d if and only if (G, q) has a non-trivial S * -symmetric infinitesimal motion in H d ;
of infinitesimal rigidity results for these frameworks between E d , S
The processes of pulling and pushing orbits of joints on the cone include such points, provided we scale orbits of joints on the upper half-sphere by α = −1. An alternative interpretation of this process is that we are applying the inversion I(q) = −q to selected orbits.
It is clear from the analysis above that inverting an orbit of joints preserves the symmetries in the group S * . It has no impact on the rank of the corresponding cone orbit matrix, though the infinitesimal velocities will be multiplied by −1. Applying this to a single orbit of vertices will also multiply the scalars of the self-stress for edges incident with the vertex representing the orbit in the cone orbit matrix by −1. We then have the following extension of Theorem 3.7:
Corollary 6.2 (Transfer between Euclidean and spherical spaces) Given a configuration q of n points in S d such that the projection π(q) from the origin is equal to p ∈ E dn , we have that (i) the space of S-symmetric infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric infinitesimal motions of (G, q) in S d ;
(ii) the space of S-symmetric trivial infinitesimal motions of (G, p) in E d is isomorphic to the space of S * -symmetric trivial infinitesimal motions of (G, q) in S d ;
(iii) (G, p) has a non-trivial S-symmetric infinitesimal motion in E d if and only if (G, q) has a non-trivial S * -symmetric infinitesimal motion in S d ;
(iv) the space of S-symmetric self-stresses of (G, p) in E d is isomorphic to the space of S * -symmetric self-stresses of (G, q) in S d .
While inverting entire orbits of joints cannot reduce the symmetry group of the framework, it can increase the symmetry group of the framework. Consider the framework (K 4 , q) realized as the vertices of a regular tetrahedron, with one face horizontal in the upper hemisphere. This still projects to a framework (K 4 , p) which has C 3 symmetry (there is a threefold rotational axis through the bottom joint and the midpoint of the horizontal face of (K 4 , q)).
The added symmetries of the tetrahedron do not survive the projection, as isometries of the projection. However, they are still projective transformations within the projected space -and can play into the infinitesimal rigidity properties of the projected framework, since infinitesimal rigidity is a projective invariant [7, 28] .
When we consider finite motions of a coned framework, we recall the general property that pulling and pushing joints (or orbits of joints) along the cone rays leaves the finite motions unchanged. This is true without reference to symmetry or any other analysis which originally predicted the finite motion of one of the cones (and therefore all of the cone-equivalent frameworks).
What is more surprising is that we could invert some, but not all joints of an orbit without any impact on the infinitesimal rigidity properties, or the finite flexibility. Looked at in the other direction, when examining a framework on the sphere which may have no symmetries, we might still predict flexibility by noticing that the projection into the plane does have symmetry! This says that key properties can be predicted by 'seeing' the apparent symmetry of the structure when viewed from the center of the sphere! rigidity in those spaces remains to be established.
Tensegrity frameworks
We first present a few basic definitions and some standard results for tensegrity frameworks in the symmetric setting.
A tensegrity graph G has a partition of the edges of G into three disjoint parts E(G) = E + (G) ∪ E − (G) ∪ E 0 (G). E + (G) are the edges that are cables, E − (G) are the struts and E 0 (G) are the bars. For a tensegrity framework ( G, p), a proper self-stress is a self-stress on the underlying framework (G, p) with the added condition that ω i j ≥ 0, {i, j} ∈ E + , ω i j ≤ 0, {i, j} ∈ E − [18] .
Given a symmetric framework (G, p) ∈ R (G,S) , it is possible to use an Ssymmetric self-stress on the bar-and-joint framework (G, p) to investigate both the infinitesimal rigidity of (G, p), and the infinitesimal rigidity of an associated S-symmetric tensegrity framework ( G, p) (i.e., the edges of an edge orbit are either all cables, or all struts, or all bars), with all members with ω i j > 0 as cables and all members with ω i j < 0 as struts [23] .
The standard result for the infinitesimal rigidity of such tensegrity frameworks is: Theorem 6.3 (Roth, Whiteley [18] ) A tensegrity framework ( G, p) is infinitesimally rigid if and only if the underlying bar framework (G, p) is infinitesimally rigid as a bar-and-joint framework and (G, p) has a self-stress which has ω i j > 0 on cables and ω i j < 0 on struts.
Translated in terms of the orbit matrix for a symmetric framework, this becomes [23] : Corollary 6.4 An S-symmetric tensegrity framework ( G, p) is infinitesimally rigid if and only if the underlying bar framework (G, p) ∈ R (G,S) is infinitesimally rigid as a bar-and-joint framework and the orbit matrix O(G, p, S) has an S-symmetric self-stress which has ω i j > 0 on cables and ω i j < 0 on struts.
For this paper, what is of interest is the transfer through coning, with and without symmetry. We have seen that the two conditions of Theorem 6.3 and Corollary 6.4 are transferred by coning from E d to E d+1 , provided that we are pulling and pushing orbits of joints within the upper half-space: (1) the infinitesimal rigidity of the underlying bar framework is preserved by the coning, and (2) the coefficients of the self-stress are multiplied by positive scalars so that the signs of the self-stress on orbits of original edges remain the same. The signs of the self-stress (if any) on the edges to the cone joint are not as easily predicted, though they retain the symmetry of S * . In this simple coning of a tensegrity framework we will assume that the partition of the original edges into cables, struts, and bars are maintained, and that the edges to the cone joint become bars, creating ( G * o, q).
This gives the following result:
